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ON GENERAL LAGRANGIAN FORMULATIONS FOR ARBITRARY 
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The details of unconstrained Lagrangian formulations (being continuation of earlier developed research for Bosc particles in NPB 
862 (2012) 270, arXiv:1110.5044;hep-th]], Phys. of Part, and Nucl. 43 (2012) 689, arXiv:1202.4710 [hep-th]]) are reviewed for 
Fermi particles propagated on an arbitrary dimensional Minkowski space-time and described by the unitary irreducible half- 
integer higher-spin representations of the Poincare group subject to Young tableaux Y{si, sj.) with k rows. The procedure is 
based on the construction of the Verma modules and finding auxiliary oscillator realizations for the orthosymplectic osp{k\2k) 
superalgebra which encodes the second-class operator constraints subsystem in the HS symmetry superalgebra. Applying of an 
universal BRST-BFV approach permit to reproduce gauge-invariant Lagrangians with reducible gauge symmetries describing 
the free dynamics of both massless and massive fermionic fields of any spin with appropriate number of gauge and Stukelberg 
fields. The general construction possesses by the obvious possibility to derive Lagrangians with only holonomic constraints. 
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1 Introduction 

The interest to higher-spin (HS) field theory is based 
on the hopes to reconsider the problems of an unique 
description of variety of elementary particles and all 
known interactions, in particular, due to recent suc- 
cess with relating to finding of Higgs boson on LHC[T]. 
One should remind, that it waits, in addition, both 
the proof of supersymmetry display, and probably a 
new insight on origin of Dark Matter Due to 

close interrelation of HS field theory to superstring the- 
ory, which operates with an infinite tower of HS fields 
with integer and half-integer spins it can be viewed 
as an method to study a superstring theory structure. 
On current state of HS field theory one may know 
from the reviews [3], [1], [5], [B]. The paper consid- 
ers the results of constructing Lagrangian formulations 
(LFs) for free half-integer both massless and massive 
mixed-symmetry spin-tensor HS fields on flat M^-''"^- 
space-time subject to arbitrary Young tableaux (YT) 
Y{ni, ...,nk) for si = ni -f i, . . . , Sk = ?ifc + 5 in Frons- 
dal metric-like formalism on a base of BFV-BRST ap- 
proach [3 , and precesses the results which appear soon 
in [TU] (as continuation of the research for arbitrary HS 
fields with integer spin made in [8]). 

We know that for higher then d = 4 space-time di- 
mensions, there appear, in addition to totally symmet- 
ric irreducible representations of Poincare or (Anti)- 
de-Sitter ((A)dS) algebras the mixed-symmetry repre- 
sentations determined by more than one spin-like pa- 



rameters [TT], [12], [13] • Whereas for the former ones 
the LFs both for massless and massive free higher-spin 
fields is weU enough developed [H], [15], [16], [17], [18] 
[T9] as well as on base of BFV-BRST approach, e.g. in 
[20] -[22], [25, for the latter the problem of their field- 
theoretic description has not yet solved. So, the main 
result within the problem of constrained LF for arbi- 
trary massless mixed-symmetry spin-tensor HS fields 
on a Minkowski space-time was obtained in [24] in so- 
called "frame-like" formulation (in AdS space in [25]). 
whereas in the "metric-like" formulation correspond- 
ing unconstrained Lagrangians were derived in closed 
manner for only reducible Poincare group IS0{1, d—1) 
representations in [26] (see as well, [27]). 

We use, first, the conventions for the metric tensor 
ilfj-iy — diag{+,—, ...,—), with Lorentz indices fi,iy = 
0,l,...,d— 1, second, the relations {7'^ , 7"^ } = 27y'^'^ , for 
Dirac matrices 7'^, third, the notation e{A), gh{A) for 
the respective values of Grassmann parity and ghost 
number of a quantity A, and denote by [A, B} the 
supercommutator of quantities A, B, which for theirs 
definite values of Grassmann parities is given by [A , _B} 
= AB- {-1)<^'^<^^BA. 



2 Half-Integer HS Symmetry Algebra for 
Fermionic fields 

A massless half-integer spin Poincare group ir- 
rep in K.^-''"^ is described by rank X]c>i"« spin- 
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tensor field ^' 



1 



fc ^(x) with generalized spin s — (ni + 5,?t-2 + 

2 , nfe + i), (ni > n2 > ... > rifc > 0, fc < [(d - l)/2]) 
subject to a YT with k rows of lengths ni,n2, ■■■,nk 
and suppressed Dirac index A, 
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(1) 

The spin-tensor is symmetric with respect to the per- 
mutations of each type of indices /i* and obeys to the 
Dirac ([2]), gamma-traceless ([3]) and mixed-symmetry 
equations (|H) [for i,j — 1, fc; Z^, = 1, n^]: 



(2) 

(3) 
0,4) 



for i < j, 1 < < rij and where the bracket below 
denote that the indices in it do not include in sym- 
metrization. 

Joint description of all half-integer spin IS0{1, d — 
1) group irreps can be standardly reformulated with an 
auxiliary Fock space 'H, generated by k pairs of bosonic 
creation a^^ (x) and annihilation a^J^ (x) operators (in 
symmetric basis), i,j = I, ...,k^ fi^,iy^ = 0,1..., d— 1: 
[a^ijC^J"] = —r]fj_i„jS^^ and a set of constraints for an 
arbitrary string-like (so called basic) vector l^*) e H, 
being as well Dirac spinor, 

oo ni 
711—0 712—0 rifc— 

xfin^^'Mo), (5) 

i=l 

{io,i\f''')\'^) = 0, for i < j; h < ji, (6) 

where {io,i\t^'^') = (-^7^9^, 7^aj^, aj^i+a^i^) . 

The set of (ifc(fc + 1) + 1) primary constraints 
©, {oa} = {ioji"^ ,t^^^^] , with additional condition, 
5ol^) = ("i + f )|^) for number particles operators, 
y« = -a^+a>^i + are equivalent to Eqs. ©-(U) for 
given spin s. 

The fermionic nature of equations (|2|), ^ and the 
bosonic one of the primary constraint operators tg , t* 
with respect to the standard Lorentz-like Grassmann 
parity, e(io) = ^{t^) = are in contradiction and re- 
solve the problem of, (<*)^ = i7^7''a^a^ -I- a^a^ = 



aj^aj^ — 21" , with new "traceless" operator, we equiv- 
alently transform above operators into fermionic ones. 
Following to Ref. [2T], [22] we introduce a set of {d+1) 
Grassmann-odd gamma- matrix-like objects 7'^, 7, sub- 
ject to 

{7^r} = 2,r, {7^7} = 0, f = (7) 

and related to the conventional gamma-matrices as: 
7^ = 7^7. 

Therefore, the odd constraints. 



(8) 



related to the operators ^ as: (to,t^) — 7(^0,^*), 
solve the problem above. 

The finding of Lagrangian as, C ^ (^'IQI^I'), im- 
plies the Hermiticity of BFV-BRST operator Q, Q = 
C°'Oa + . . ., that means the extension of the set {oq,} up 
to one of {01} = {oa,li, lij\o+, ifj^^g'^}, for divergent 



-«(afa^,af d^) and 
for IZ — T^af^a'^^ , i < j, which is closed with respect 



and gradient operators 

to supercommutator multiplication [ , } and hermitian 
conjugation related to odd scalar product on T-L, 



oo,(n)fc_i oo,(p)fc_i 
(n)fc=0 (p)fc=0 



(c&iM/) ^ I d'x y: > : (oi n «: 

j = l;mj=l 



X n «^'io)> 



(9) 



for ETntlt' - j:z=oe:u -ez-Jo^ ^ no. 

Operators 07 satisfy to the Lie-superalgebra commu- 
tation relations, [o/, oj} — ffjOK, for structure con- 
stants ffj = -(-1)'^°^^'^°^VjS> to be determined by 
anticommutators. 



{to, to} 



"2/oi {^Oi^i} — 2/i, {ti,tj} 



4/,. 



{U,t+} = 2{-gl,S,,+t,,0^^ +t±0^^), 



(10) 



(with Heaviside ^-symbol 6'*^ ) and from the multiplica- 
tion table [1] with only commutators. 

The products BUjl, A''^32,^ljl ^ prin,^ ^ L^232,nn 

the table [T] are given by the relations. 



J^i2j2,iljl _ ^■ilj2^'i2jl _ -f-'hjl ^ilj2 pi2j2,i ^-j\i2j2 ^j2]i 

l^232.^lh ^ l^S'-'hSJ2npg^^2gi2j2+gi2^g32^ 

_^(Sj2{^l^jl}^2Qi2n}^^nn}+Qn}n■jJ^(^j^ o ^2))}- 
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Table 1: even-even and odd-even parts of HS symmetry superalgebra iY{k),M}''^ ^). 



We call the superalgebra of the operators 0/ as half- 
integer higher-spin symmetry algebra in Minkowski 
space with a YT having k rows and denote it as 
A-^ {Y {k),M}''^^^). It appears as the superextension of 
integer higher-spin symmetry algebra A{Y{k),M}''^~^) 
introduced in [8j for bosonic fields. 

Hamiltonian analysis of the topological dynami- 
cal system of the operators {o/} permits to classify 
2k{k + l) operators {0^} = , Z*^ f i+, Z+, J as 
second-class and 2(fc + 1) ones {^o, '0, as first- 

class constraints subsystems whereas k elements g^ 
form supermatrix Aabigo) [oa,Ob} Aa&. The sub- 
system of the second-class constraints {oa} together 
with {g^} forms the subalgebra in A{Y (k) ,R^^'^-'^) to 
be isomorphic, due to Howe duality, [29], to orthosym- 
plectic osp{k\2k) algebra (the details, see in [TO]). 

The HS symmetry superalgebra A^ (Y (k) 
itself can not permit to construct BRST operator with 
respect to 07 due to second-class constraints {oa} pres- 
ence in it. Therefore we should to convert orthosym- 
plectic algebra osp{k\2k) of {oa, ffol i^^^o enlarged set 
of operators O/ with only first-class constraints. 

3 Scalar Oscillator realization for osp{k\2k) 

We consider an additive conversion procedure devel- 
oped within BRST method, (see e.g. [20]), implying 
the enlarging of o/ to Oj — oj -\- o'j, with additional 
parts o'j supercommuting with all 07 and determined on 
a new Fock space Now, the elements Oj are given 
0^%®%' so that a condition for O/, [Oj, Oj] ~ Ok, 
leads to the same algebraic relations for Oi and o'j as 
those for o/. 

Not going into details of Verma module (special 



representation space |30] ) construction for the super- 
algebra osp{k\2k) of new operators o'j considered in 
[10 and for the case of its sp{k\2k) subalgebra in 
|8^, we present here theirs explicit oscillator form in 
terms of new 2k{k + 1) creation and annihilation op- 
erators {Bj,B'^;) = {f^,bfj,dti,\ftMj,drs), i,j,r,s = 
1, k;i < j;r < s as follows (for fco = I) 

Km 



9'o 



l'+ 



t7 = f: + 2btf. 
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n— r+l 



6+ /„ + (26+ /,-/+)]/, 



(15) 



Note, first, that B^ satisfy to the standard com- 
mutation relations, [Bc,B^} = Scd, for instance, 
{/i://} = ^ij, for odd Second, the arbitrary 

parameters h^ in ([T2]) need to reproduce correct LF for 
HS field with given spin s, whereas the form of the rest 
elements t'^, 1'^^, for i < j, to be expressed by means of 
the operators C'''^ {d^ , d) , I < m, as well as the prop- 

^The case of massive HS fields whose system of 2nd-class constraints contains additionally to elements of osp{k\2k) superalgebra 
the constraints of isometry subalgebra of Minkowski space to,P,l^,lo may be treated by dimensional reduction of the algebra 
A^{Y{k),R'-''') for massless HS fields to one A^' {Y(k),R^''^-'^) for massive HS fields, (see [10]). Now, the Dirac equation in Q is 
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erty of Hermiticity for them may be found in [8] , [lOpl . 



depend on ghosts t/q-. 



4 BRST-BFV operator and Lagrangian for- 
mulations 

Due to algebra of 0/ under consideration is a Lie su- 
peralgebra ^^(F(fc), M^''^-^) the BFV-BRST operator 
Q' may be constructed in the standard wajH as 

Q' = OiC^ + ^C'C^ f^jVK{~iy^"'''>+'^^'^ (16) 



lx) = 



n 



n l,i<j,r<s 



e.g,i,j.l<.m,7i<.o 



^r<s,t<u 



(z^+)"^"(A+)"-'' X 



(21) 



with the constants /j^ from the table [TJ constraints 
Oi = (TojTj , Ti] Lq,L^ , Li, Lij, L^jjTrs, T^"^,Gq), 
fermionic [bosonic] ghost fields and conjugated to them 
momenta {C ^Vi) = ((%, ^o); (?7% P+); (r/+ Pj); 



We denote by |x'^) the state (|2T|) satisfying to 
gh{\x^)) = —k. Thus, the physical state having the 
ghost number zero is |x"), the gauge parameters |A) 
having the ghost number —1 is [A") and so on. The 
vector Ix") must contain physical string- like vector 



[(<Zo,Po), {qtiPi)^ ili^Pi)] with the properties 

{fl'\'&rs) = W\^rs9n, {^r., A+} = 5rtS. 



Ix") = + : 



lB+=C'=Vi=0] 



= 0.(22) 



rt^SU 1 



and non- vanishing (anti)commutators {tiotVo} = 
[qa,Po] = {Vg^'Pg} = *<5'"' for zero-mode ghostfjj. 

To construct LF for fermionic HS fields in a R^'''"^ 
space-time we partially follow the algorithm of [53] , be- 
ing a particular case of our construction for nj, = 0. 
First, we extract the dependence of Q' PB)) on the 
ghosts tjqjVq, to obtain generalized spin operator cr' 
and the BRST operator Q only for the system of con- 
verted first-class constraints {O/} \ {Gg} on appropri- 
ate Hilbert subspaces: 



Q' ^ Q + Vhi<^" + f^') ' 



B'P'a^ with some (18) 



qtT'r^tL' + Ei<„.vLL' 



h.C.) + \&&'ffjVK, 



(19) 



a' =Gl-h'- 7j,V+ + 
+ 5](l + ^,™)(r;+„r" 



qfp^ 



,(20) 



where {C^ ,V'} = {C ,r'} \ Wg^'Pg}- Next, we 
choose a representation of Htot- {qi,Pi, Vi^ Vijj "^ts^Vq, 
Po,'Pi,'Pij, Ars,'PQ)|0) = 0, and suppose that the field 
vectors jx) as well as the gauge parameters |A) do not 



Independence of the vectors (PT|) on rj^ transforms 
the equation for the physical state Q'\x°) — and 
the BRST complex of the reducible gauge transforma- 
tions, S\x) = g'|A"), 5|A") = Q'lAi), JIA^"--!)) = 
Q'lA*'')), to the relations: 

(Qlx"),%°),.-,'5|A('-i))) ^ (o,q|aO),...,Q|AW)), 

[a^ + /.'](|x°),|A"),...,|AW)) =0, (23) 

with r = X]f=i + ^(^ ^ l)/2 ^ 1 being the stage 
of reducibility both for massless and for the massive 
fermionic HS field. Resolution the spectral problem 
from the Eqs. (l23|) yields the eigenvectors of the oper- 
ators a': |x°)(«),, |A°)(„)^, |A'')(„),, ni > n2 > 
. . . rifc > and corresponding eigenvalues of the pa- 
rameters /i' (for massless HS fields and i = 1, .., k), 

~W = m, + ^ , mi,...,mfe_i eZ,TOfe G Nq . (24) 

One can show, first, the operator Q is nilpotent on 
the subspaces determined by the solution for the Eq. 
((23)) . second, to construct Lagrangian for the field cor- 
responding to a definite YT ([1]) we must put — ni, 
and, third, one should substitute corresponding to 
the chosen rii into Q (|18p and relations (|23p . 

To get the Lagrangian formulation with only first 
order derivatives, we, because of the functional de- 
pendence of the operator Lq on fermionic one Tg, 
Lo = ^Tq, may to gauge away a dependence on Lq, 770 



from the BRST operator Q ([191) ^-^d from the whole set 



changed on massive equation corresponding to the constraint to (to = —I'y^dfj, + 7m) acting on the same basic vector |^) 

^for construction of BRST operator for quadratic HS symmetry algebra for mixed-symmetric tensors on AdS subject to YT 
with 2 rows, see 1231 . 

^The ghosts possess the standard ghost number distribution, gh{C^) = --gh{'Pj) = 1 =^ gh{Q') = 1. 

*The brackets {n)pj, {n)ij in II21I I means, e.g., for {n)ij the set of indices (rin, rin^, ...,nf^i, ....n.f^fS). The sum above is 

taken over n^o, ^Jae, n^g, rHj, Prs and running from to infinity, and over the rest n's from to 1. 
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of the vectors |x*')(n)fc, |A^'*'')(n)fc ■ To do so, we extract 
the zero- mode ghosts from the operator Q as: 

Q = qafa + rioLo + i{T]fqi - riiql)pQ 



<<ll ~ Ti^,)V^ + AQ, 



where the exphcit form of AQ is easily restored from 
Eqs. (UHl), ^ and 



+ . 



(26) 



We also expand the state vector and gauge param- 
eters in powers of the zero-mode ghosts, for s ^ 
0, . . . , Eo=i no + fc(fc - l)/2 - 1, m = 0, 1: 

Ix) = E 9o(lx?,) + %lx'i)),5/i(lxL)) = + /)(27) 
^ (28) 



i>0 



Now, we may gauge away of all the fields and gauge pa- 
rameters by means of the equations of motion and set 
of the gauge transformations ([23]) except two, |xo), |Xo) 
for the fields and jA^^^g), for Z = 0, 1 and s = 0, . . . , r, 
for the gauge parameters. To do so, we use in part the 
procedure described in [21], [28] . 

As the result, the first-order equations of mo- 
tion corresponding to the field with given spin (n\ -f 
^, ...jUk + ^) have the form in terms of the matrix no- 
tations, 



To AQ Y|xg)(n)fc 



(29) 



They are Lagrangian ones and can be deduced from 
the Lagrangian action for fixed spin {m)k = {n)k, (be- 
ing standardly defined up to an overall factor and with 
omitting the subscript (n)k) 



'5(«)fc = ((Xol,(Xo 



^'AQi{r^^JJ+^.})(I^J))'^^"^ 



where the standard odd scalar product for the creation 
and annihilation operators in T-Ltot — 'H ®'H' ® 'Hgh 
is assumed and non-degenerate operator K = ^^(ri)^ 
provides reality of the action following from modify- 
ing Hermiticity for o\ in Section [3] The action (15111) 
is invariant with respect to the gauge transformations, 
following from the tower of the Eqs. ([23]) with omitting 

l|Ar)j"UQi{To,.+..}j|^|Ar^^)j' ^ ^ 

for s = -l,0,...,X;Li"o + Kk - l)/2 - 1, and 
|A^^^') ^ Ix^). 



Concluding, one can prove the action (1301) indeed 
reproduces the basic conditions ([2])-((4]) for massless 
(massive) HS fields. General action ([30| gives, in prin- 
ciple, a straight recept to obtain the Lagrangian for 



(25) any component field from general vectors |xo) 



(n)fc 



5 Conclusion 



Thus, we have constructed a gauge-invariant uncon- 
strained Lagrangian description of free half-integer HS 
fields belonging to an irreducible representation of the 
Poincare group ISO{l,d — 1) with the arbitrary YT 
having k rows in the "metric-like" formulation. The 
results of this study are the general and obtained on 
the base of universal method which is applied by the 
unique way to both massive and massless bosonic HS 
fields with a mixed symmetry in a Minkowski space of 
any dimension. 
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